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O n  t h e  e x i s t e n c e  o f  p e r i o d i c  s o l u t i o n s  

f o r  t h e  e q u a t i o n  :~ + f ( x )  J: + g ( x )  = 0 

H a m i l t o n  L u i z  G u i d o r i z z i  

Abstract. We establish in this work sufficient conditions for the existence of periodic 
solutions for the Li6nard equation :~ + f(z)~ + g(x) = O. 

1. The Definite Positive Function V~. Auxiliary Lemmas. 

Throughout tiffs work we assume f ,  g : N --+ R are functions satisfying the 

following conditions: 

a) f is continuous and g is of class C1; 

b) z 9(x) > 0  for xT~0;  

c) fo +~ g(x)d~ = + ~  = fo ~~ g(~)dx 

Let a be a given real. We indicate by f~a the following open set: 

1 
fl~ ~v } for oz > 0; 

1 
fl~ - - - }  for a < 0; 

a 

fl~ for a = O .  

= {(x,y) e a21 y > - -  

= {(~,u) e R21y < 
= R 2 

We indicate by V= the definite positive function given by 

/o + /o + +, 
v~(~,~) = g(~)d,, + ~+ +-----~ 

It can be immediately verified that, for a 7~ 0, 
1 

~ o + ~ 1 7 6  /o - a s  
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8 2  HAMILTON LUIZ GUIDORLZZI 

It can also be immediately verified that the level curves of V,x are all closed 

curves and that Va(x,O) is strictly increasing in [0,+c~[. Such curves show 

the aspect of Figure 1: (see [1]) 

~ > 0  a < O  o~ ----- 0 

1 
O/ 

1 
ot 

The equation 

Figure 1 

?~ + f(x)~c + g(x) : O (1) 

is equivalent to the system: 

~c=y 

Y =  - Y ( x ) y - g ( x )  (2) 

The condition a) ensures existence and uniqueness of solution of (2). The 

condition b) ensures that (0, 0) is the only point of equilibrium for system (2). 

It can be immediately verified that the derivative of Va relative to system (2) is: 

V ~ ( x , y ) =  [ f ( x ) - a g ( X ) ] y 2 ,  (x,y) e ~ .  (3) 
a y +  1 

Because ,ay + 1 > 0 holds for all (x, y) E f~a, it follows that tile sign of 

depends only of f (x)  - 

Lemma 1. Assume there are a > 0  and b > 0  such that for  alI x >  b, 

Let Yo > O, L = V=(b, yo) and 

K = { ( x , y )  e f ~ a l x > _ b  and Va(x ,y)  < L } .  
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Let 7(t) = (x( t) ,y( t))  be the solution of  (2) so that 

with O < y~ < yo. Then, there is t l  > to  such that 

and 

with --~ < y2 <0 ,  

7(t) E K ,  t o _ < t < t l  

~(t l )  = (b, y2), 

Proof.  From k(to) = Yl > 0, it follows there is t2 > to so that 

7 ( 0 E K ,  to<_t_<t2 .  

On the other hand, being ~:(t) > 0 on the half plane 

the half plane y < 0, ~)(t) < 0 on the positive half-axis 

only point of equilibrium, there must exist t3 > t2 such that 7(t3) ~ K. 

Let 

t l  = max{u  > to Iv( t )  ~ K, to < t < u}. 

From the hypothesis 

told from (3) it follows that 

S i n c e  

it follows that V(7( t l )  ) < L. 

x > b  

Because 

f (x)  > .g (x) ,  x > b, 

~ra("l(t)) < O, to <_ t <_ tl .  

83 

~(to) = (b, yl), 

v > o,  ~:(t) < o on 

0x and (0,0) the 

g a ( " [ ( t o ) )  -~ gc~(b, y l )  < L, 

So, 3,(tl) does not belong to the arc given by 

and Va(x, y) = L. 

~(t) > 0 on the y > 0 half-plane, it follows that 

1 
, ~ ( t l )  = ( b , y ~ ) ,  w i t h  - - < y2 < o.  

O~ 
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(b, yo) 

! \ V . ( x , y ) - L  
. . . . . . . . . .  I ~ 

I 

i ) )  
I �9 

Y2 . . . . . . . . .  J " ~ , J  ~.---" 1 
! . . . . . . .  y :  - -  

I 
! 

t 

> 

Figure 2 

In a similar way, we can demonstrate the following lemmas: 

Lemma  2. Assume there exist a < 0 and a < 0 such that, for  all x < a, 

_ 

Let Yo < O, L = V~(a, yo) and 

g - - - { ( x , y )  e f 2 a l x < a  and Va (x , y )  < L}.  

Let  "~(t) = (x(t) ,  y(t)) the solution o f  (2) such that ~[(to) = (a, Yl), 

with yo < yx < O. Then there is t l  > to so that 

7(t)  E K , .  t o < _ t < t l  

and 
= 

with 0 < y2 < 1 

Lemma 3. Assume there exists a < 0 such that for  all x < a, f ( x )  >_ O. 

Let  yo < O, L =  Vo(a, yo) and 

K = ( ( z , y ) ~ R  ~ l z <_a and Vo(z,y) < L}. 

L e t  7(t) = (x(t), y(t)) the solution o f  (2) such that ~i(to) = (a, Yl), 

with yo < Yl < O. Then, there is t l  > to such that 7(t)  C K,  to < t <_ tl  

Bol. Soc. Bras. Mat., Vol. 22, No. 1, 1991 



ON TttE EXISTENCE OF PERIODIC SOLUTIONS 85 

and 

with 

~(t~) = (a, y2) 

o < u2 < iuol. 

Lemma 4. Assume there is b > 0 such that 

f (x)>_O, x > b .  

Let Yo > O, L = Vo(b, yo) and 

K = { ( x , y )  E R  2 I x > b  and V o ( x , y ) < L } .  

Let 7(t) = (x( t ) ,y( t ) )  be the solution o f  (2) such that 7(to) = (b, yl), 

with O < yl < yo. Then there is t l  > to such that 

and 

7(t) E K, t o < t < t l  

~( t l )  = (b,u~) 

with - y o  < y2 < O. 

To close this section, we prove that the solutions of (2) do not admit vertical 

asymptotes. It is enough, to this end, to show that all solutions of the equation 

dy _ g(x__~) y ~ 0 (4) 
d x -  f ( x )  y ,  

do not admit vertical asymptotes. 

Let us assume that (4) has a solution 

y----y(x), , a _ < x <  b 

such that 

lim y ( x ) =  +c~. (5) 
~---+b- 

for We can assume with no loss of generality, that 0 < y(a) < y(z) 

a < _ x < b .  Let 

A > m~x,~<~<b I.t'(=)l and B > max,~<..,,<b Ig(=)l- 
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It follows from the mean value theorem that, for a < x < b, 

YCx) - y(a) < A + ~ ( b - a )  

which is in clear contradiction with (5). The other situations can be analyzed in 

a similar way. 

2. Sufficient conditions for the existence of periodic solutions 

Theorem 1. Consider the equation 

+ f(z)~c + g(x) = 0  (1) 

where f ,  g satisfy the conditions a), b) and c) of  the previous section. Assume 

also, that the following hypotheses are satisfied: 

1) There are ~ > 0 and b > O such thatfor all x > b, f ( x )  >_ ~g(x); 

2) The origin is repulsive; 

3) There is a < 0 such that for  all x ~ [c,a], f ( x )  >_ 0 where 

Vo(c,O) = Vo(a,r), r = ~ + (A + ~ B ) ( b -  a), 

A > maxa<z<b If(x)] and B_> maxa<z<b [g(x)]. 

Under these conditions, the equation (1) will admit at least one non 

trivial periodic solution. 

Proof. The equation (1) is equivalent to the system 
~c=y 

i t=  - f ( x ) y  - g(x) (2) 

Let 7( t )  = (x(t), y(t)) the solution of (2) that at time t = 0 is at the 

position '7(0) = (b, _ 1 ) .  Because '7 does not admit vertical asymptotes and 

the origin is repulsive, there is a smallest time tl  > 0 such that 

'7(tl)---- (a,  y l ) ,  Yl < 0, 

or 

"](tl)  --:- (Zl,  0), a < Xl < 0. 

It can be immediately shown that 
1 
a [ a +  o~B](b- a) < yl < O. 
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(Indeed: Assuming yl < - •  let y y(x) the solution of 

a~ _ g(~__)~ 
d ~ -  f ( ~ )  y 

such that y(a) = Yl and y ( b ) _ -  -~'1 There is xo E]a,b] such that 

-- - ~  and y(x)  < --~,  a < x < xo; by the mean value theorem, 

y(xo) -- y(a) < [A q- c~b](xo - a).) 

Let t2 > 0 the smallest value of t when 3' crosses the y negative 

half-axis: 7(t2) = (0, Y2), y2 < 0. The hypotheses 1), 2) and 3) together with 

lemmas 1 and 3 ensure that 7( t )  will again cross the y negative half-axis at a 

point (0, y3) with Y 2 < y 3 < 0 .  

.1 r I (b, y4) 
/ ,  _.L--.__ N. 

/ ! ~ ' -  I - " " 4  ", 
/ \ 

F h / 

\ -  . . . . . . . . .  y =  

\ I I 
Vo(X, y) = L1 x--_l I 

I - ~ "  I 
I I 

F i g u r e  3 

(L1 = Vo(c,O) = Vo(a,r) and L : V~(b, y4)). From Theorem of Poincar6- 

Bendixson, the equation will admit at least one periodic solution. 

R e m a r k  1. One possible value for Y4 is 

B 
y~ = r + [A + -;-](b - a). 

Let m > b such that Va (m,0 )  = Va(b, y4). The hypothesis 1) can be 

weakened: it is enough to assume 

f ( x )  _> ~g(~:), b ___ �9 < ,.. 
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Remark  2. The hypotheses 1) and 3) can be replaced by: 

1') There are a < 0  and a < 0  such that for all x < a ,  

fCx) _ ~g(x); 

3') There are b > 0 such that, for all x E [b, c], 

f(x)>_O 

where Vo(c,O) = Vo(b,r), r =  - ~  + [ A - a B ] ( b - a ) ,  

a > maxo<~<b If(x)l and B >_ max<~<b lg(z)l. 

Remark  3. A sufficient condition for the origin to be repulsive is that there exist 

fl, s ~ R ,  s > 0 ,  such that 

f ( x )  < o < < s ,  

for, in this case, we will have 

Vp(x,V) < 0 for 0 < I~1 < 

which implies' that the origin is repulsive [see (1)]. 

Theorem 2. Consider the equation ~ + f (x)& + g(z) = 0 where f and g 

satisfy the conditions a), b) and c) o f  the previous section. Let us assume, 

also, that the following hypotheses are satisfied: 

1) There are a > 0 and b > 0 such that, for  all x > b, f ( x )  >_ ag(x);  

2) The origin is repulsive," 

3) There is a < 0 such that, for  all x < a, f (x)  >_ fig(x) where 

_~ _ _~ > 1 (A + a B ) ( b -  a), a >__ max,~<~<b If(x)[ and B > 

maxa<z<b Ig(~)l. 

Under these conditions, the equation will admit at least one non trivial 

periodic solution. 

Proof. Let 7(t) = (x(t), y(t)) be the solution of (2) that at time t = 0 is at 

the position " / (0 )=  (b, _ 1 ) .  

By the same reasoning as in Theorem 1, there will be a smallest value t l  > 0 - 

such that 

= a < < 0 
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ON THE EXISTENCE OF PERIODIC SOLUTIONS 89 

o r  

where - ~  < Yl < 0. Let - ~  < Y4 < Yl. Suppose 7 ( t 1 ) :  (a, yl). 

hypothesis 3) ensures that 7(t) cannot leave the compact set 

K = {(x,y) e a f f i x  < a, V~(x , y )  <_ Vl3(a, y4)} 

The 

by crossing the arc 

x _ a and V~(x,y) = V~(a,y,)  = Z2 

/ 
i 

,,.s! 

r / i ~ j  

/ 1 : ,  
i r  : 

y -  

\ 

1 
1 1 

I 
I 

\ 

~ . . . . . .  y ~ w - -  

O~ 
I 

Y4 i 
I 

= v . ( b ,  y3) 

Figure 4 

The proof is completed following the same reasoning as in Theorem 1.D 

Remark  4. The hypothesis 3) of Theorem 2 can be replaced by: 

3') There is a < 0 such that, for all x E [c, a], 

f(x) >_ fig(x) 

where ~ > r >_ -~ + (A  + a f l ) ( b -  a), c < a is such that V~(c,O) = 

g ~ ( a , - r ) ,  t > max,~<x<b If(x)[ and B > maxa<x<~ [g(x)[. 

When the hypothesis 3') is satisfied, we can make Y3 equal to 

B 
Y~ : Y5 + (A + ~ ) ( b -  a) 

where Y5 > 0 is such that V~(a, - r )  = V~3(a, Ys). 
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In this case, it is enough to assume in hypothesis 1) that 

f ( x )  >_ ~g(x) ,  b < x < m 

where m > b is such that V~(b, y3) = V,~(m,O). 

Remark  5. The hypotheses 1) and 3) of Theorem 2 can be replaced by: 

1") There are a < 0 and a < 0 such that, for all z < a, 

3") There is b > 0 such that, for all x _> b, 

f ( z )  _ fig(x) 

where - ~  > - I  q- ( A -  aB)Cb - a), a > maXa<z<b If(x)l and B _ 

To close, we shall present two examples for which the theorems of A.V. 

DragilEv [2], A.F. Filippov [3], Barbalat and Halanay [4], G. Villari [5] and [6] 

are not applied. 

Example 1. Consider the equation 

§ [x 5 + 16x 4 - x 2 -t- x]~c + x 5 q- x = 0. 

Let us make 

f ( x ) = x ~ + 1 6 x ' - x 2 + x  and g ( x ) = x 5 + x .  

We have 

1) f ( x )  > o~g(x ) for x >  b, where c ~ = l  and b = � 8 8  

2) f ( x )  < g(x) for 0 < I~1 < �88 from remark 3 the origin is repulsive; 

3) Let a = - �89 max~<z<b If(z)[ < 1 and maxa<z<b [g(x)[ < 1. Let 

A = I  and B = I .  So, 
5 

r = a +  ( A +  a B ) ( b -  a) = ~. 

From 
X6 x 2 y2  

Vo( , y) = -6- + + T '  
it follows that 

c 6 c 2 a 6 a 2 r 2 

"ff q- 2 -- 6 q- -~  -4- -~ ( Vo ( c , O ) = Vo ( a, r ) , c < 0 ) .  

Bol. Soc. Bras. Mat., Vol. 22, No. i ,  199) 
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It can be easily verified that f ( x )  > 0 for all x E [c , -1 ] .  From 

theorem 1, the equation admits at least one non trivial periodic solution. 

Let 

Example 2. Consider the equation 

~c + f(x)~.? + g(x) = O 

where f (x)  = ( 2 x -  1)e z2+99~-1~176 and g(x) = x. We have 

1) f ( x )>_ag( z )  for x>_b, where a = l  and b = l ;  

1 1. 2) f (x )  < 0 for - g  < x < g, so, the origin is repulsive; 

_ _  1 .  3) Let a -  - g ,  maXa<z< b If(~)l-< 1 and maXa<z< b [g(x) < 1. 

A = I  and B = I .  So, 

r = o~+ [A+ a B ] ( b -  a) = 4. 

f i = ~ ,  we have ~ > r .  Let c < 0  be such that Making 

c 2 a 2 

fo-" s l d  s (V~(c,O) = V~(a , - r ) ) .  -2 - - - 5  - +  f i s +  

It can be immediately verified that 

f (x )  > fig(x), x e [c,a]. 

From theorem 2 and remark 4, the equation admits at least one non trivial 

periodic solution. 
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